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Sequential Monte Carlo (SMC) methods, also known as particle filters, are simulation-based
recursive algorithms for the approximation of the a posteriori probability measures generated
by state-space dynamical models. At any given time ¢, a SMC method produces a set of samples
over the state space of the system of interest (often termed “particles”) that is used to build
a discrete and random approximation of the posterior probability distribution of the state
variables, conditional on a sequence of available observations. One potential application of
the methodology is the estimation of the densities associated to the sequence of a posteriori
distributions. While practitioners have rather freely applied such density approximations in
the past, the issue has received less attention from a theoretical perspective. In this paper, we
address the problem of constructing kernel-based estimates of the posterior probability density
function and its derivatives, and obtain asymptotic convergence results for the estimation errors.
In particular, we find convergence rates for the approximation errors that hold uniformly on the
state space and guarantee that the error vanishes almost surely as the number of particles in the
filter grows. Based on this uniform convergence result, we first show how to build continuous
measures that converge almost surely (with known rate) toward the posterior measure and
then address a few applications. The latter include maximum a posteriori estimation of the
system state using the approximate derivatives of the posterior density and the approximation
of functionals of it, e.g., Shannon’s entropy.

Keywords: sequential Monte Carlo, particle filtering, density estimation, stochastic filtering,
state-space models, Markov systems.

1. Introduction

1.1. Background

Consider two random sequences, {X;}+>0 and {Y;};>1, possibly multidimensional, where
X, represents the unobserved state of a system of interest and Y; is a related observation.
Very often, the dependence between the two sequences is given by a Markov state-space
model and the posterior probability measure that characterizes the random variable X,
conditional on the observations {Y;,1 < s < t} is usually termed the “filtering measure”,
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2 Crisan and Miguez

denoted as 7; in the sequel. If the model is linear and Gaussian, m; is also Gaussian and
can be computed exactly using a set of recursive equations known as the Kalman filter
[33]. However, if X; takes values in a continuous space and the model is nonlinear or
non-Gaussian, the exact filter is intractable and numerical approximation techniques are
necessary. The class of sequential Monte Carlo (SMC) methods, also known as particle
filters [27, 34, 37, 22, 21], has become a very popular tool for this purpose. Particle filters
generate discrete random measures (constructed from random samples in the state space)
that can be naturally used to approximate integrals with respect to (w.r.t.) the filtering
measure.

The asymptotic convergence of SMC algorithms has been well studied during the
past two decades. The first formal results appeared in [13, 14], while the analysis in
[9] already took into account the branching (resampling) step indispensable in most
practical applications. Currently, there is a broad knowledge about the convergence
of particle filters in some of the forms commonly used in practical applications; see
[17, 8, 15, 36, 3, 30] and the references therein. Most of these results are aimed to show
that integrals of real functions w.r.t. m; can be accurately approximated by weighted
sums when the particle filter is run with a sufficiently large number of random samples
(commonly referred to as particles). More recently, other types of convergence have been
investigated. For instance, the convergence of particle approximations of maximum a
posteriori (MAP) estimates of sequences has also been proved. Convergence in probability
can be shown using random genealogical trees (see [41] and [15]) while almost sure
convergence can also be guaranteed by extending the analysis in [10] (see [39]).

In most cases of interest, the filtering measure has a density, denoted p;, w.r.t. a
dominating measure (usually Lebesgue’s) and practitioners have freely used various
estimators of this function. Less attention has been devoted to this problem from a
theoretical perspective, though. Note that the samples generated by the particle filter
are not drawn directly from p;: they can only be considered as approximate samples, in
the sense that they can be used to estimate the value of integrals w.r.t. the measure
7. As a consequence, the convergence of a kernel density estimate of p; built from the
output of a particle filter cannot be justified directly using the classical theory of kernel
density estimation, which is concerned with samples drawn directly from the distribution
of interest (see, e.g., [18, 43, 45, 44]).

The estimation of p; is of interest by itself, since it naturally enables the computation
of confidence regions, as well as MAP and maximum likelihood estimators, but also
because it leads to the approximation of 7; by a continuous (instead of discrete) random
measure. The convergence of continuous approximations of the filtering measure in total
variation distance has been investigated in the context of regularized particle filters [36]
as well as for accept/reject and auxiliary particle filters [35].

1.2. Contributions

In this paper, we analyze the approximation of p; constructed as the sum of properly
scaled kernel functions located at the particle positions. Kernel methods [43, 45] are the
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Particle-kernel density estimation 3

most widely used techniques for the non-parametric estimation of probability density
functions (pdf’s) and, therefore, it seems natural to analyze their convergence when
applied to the approximate samples generated by particle filters.

The pdf estimators we analyze are based on generic kernel functions which are
only required to satisfy mild standard conditions (essentially the same as in classical
density estimation theory [43]). We describe how to build approximations in arbitrary-
dimensional spaces R%, d > 1, and then analyze their convergence as the number of
particles is increased and the bandwidth of the kernels is decreased. In particular,
we obtain point-wise convergence rates for the absolute approximation errors, both
of p; and its derivatives! (provided they exist). The latter results can be extended
to deduce uniform (instead of point-wise) convergence rates, again both for p; and
its derivatives. Specifically, we provide explicit bounds for the supremum of the
approximation error and prove that it converges almost surely (a.s.) toward 0 as the
number of particles is increased. Our analysis is different from the standard methods
in kernel density estimation. The latter address the bias and variance of the estimators
using approximations based on Taylor series (see, e.g., [43, Chapter 4] or [45, Chapter 4])
or Edgeworth expansions [28], which enable the asymptotic approximation of the mean
integrated square error (MISE) of the density estimate and yield expressions involving
the number of samples and the kernel bandwidth. We directly obtain convergence rates
for various estimation errors (not only the MISE), given in terms of a single index that
links the number of samples and the kernel bandwidth. This link is briefly discussed in
Section 3.3.

The uniform (on the support of p;) convergence result can be exploited in a number of
ways. For instance, if we let p)¥ be the approximation of p; with N particles, then we can
obtain a continuous approximation of the filtering measure m,(dx) as 7 (dx) = p (z)dx,
prove that 7Y converges to m; a.s. in total variation distance (as N — oo) and provide
explicit convergence rates. A similar kind of analysis also leads to the calculation of
convergence rates for the MISE of the particle-kernel density estimator p¥. Additionally,
we prove that the (random) integrated square error (ISE) of a truncated version of p¥
converges to 0 a.s. and provide convergence rates. A comparison of these results with the
standard asymptotic approximation of the MISE for kernel estimators built from i.i.d.
samples is presented at the end of Section 4.3.

The convergence in total variation distance of a continuous approximation of the
filtering measure m; was also addressed in [36] and [35]. Compared to these earlier
contributions, our analysis guarantees the almost sure convergence of the (random)
total variation distance toward 0, with explicit rates, rather than the convergence of
its expected value (as in [36]) or its convergence in probability (as in [35]). Also, our
assumptions on the Markov kernel of the state process {X;};>o and the conditional

1Let us note here that the approximation of derivatives of the filter has received attention recently,
related to problems of parameter estimation in state-space systems [12, 16]. In the latter context, the
filtering pdf is made to depend explicitly on a parameter vector § = (01,...,04), and the interest is
in the computation of the partial derivatives dp;/96; in order to implement, e.g., maximum likelihood
estimation algorithms [16]. In this paper, however, we consider derivatives with respect to the state
variables in Xy = (X1,¢,...,Xq, ), i.€., Opt/Ox; .
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4 Crisan and Miguez

densities of {Y;| X, },>1 are relatively mild and simple to check. In particular, our results
also hold for light-tailed Markov kernels (e.g., Gaussian), unlike Theorems 2 and 3 in
[35].

The last part of the paper is devoted to some applications of the density approximation
method and the uniform convergence result. We first consider the problem of MAP
estimation. We refer here to the maximization of the filtering density, a problem different
from that of MAP estimation in the path space addressed, e.g., in [26, 41, 39]. We first
prove that the maxima of the approximation of the filtering density actually converge,
asymptotically, to the maxima of the true function p; and then show some simulation
results that illustrate the use of gradient algorithms on the estimated density function.

The second application we describe is the approximation of functionals of p;. We
provide first a generic result that guarantees the almost sure convergence of such
approximations for bounded and Lipschitz continuous functionals. Then, we address the
problem of approximating Shannon entropies [7], which is of practical interest in various
machine learning and signal processing problems. The log function is neither bounded
nor Lipschitz continuous and, therefore, the latter generic result does not apply to the
computation of entropies. We specifically address this problem resoriting to a new result
on the convergence of the particle approximations of integrals of the form [ f(z)m(dx)
when the test function f is possibly unbounded. Let us remark that a large majority of
the results in the literature [17, 8, 15, 36, 3] refer exclusively to the approximation of
integrals of bounded functions. Only recently, the convergence of approximate integrals
of unbounded test functions has been proved [31], albeit for a modified particle filter
and assuming that the product of the test and the likelihood functions is bounded. Here,
we prove the almost sure convergence of the approximations of integrals of unbounded
functions for the standard particle filter, placing only integrability assumptions on the
test function. From this result, we deduce the almost sure convergence toward 0 of the
errors in the approximation of Shannon entropies for densities with a compact support.
A numerical illustration is given.

1.3. Organization of the paper

The rest of the paper is organized as follows. Section 2 contains background material,
including a summary of notation, a description of Markov state space models and the
standard particle (bootstrap) filter. A new lemma that establishes the convergence of
the particle approximation of posterior expectations of unbounded test functions is
also introduced in Section 2. The construction of particle-kernel approximations of the
filtering density and its derivatives is described in Section 3, where we also review some
basics of kernel density estimation and the most relevant results in [36] and [35] for
density estimation with particle filters. Our formal results on the convergence of the
particle-kernel density estimators and the smooth approximation of the filtering measure
are introduced in Section 4. This includes the point-wise and uniform approximations
of pi(), the convergence in total variation distance of the smooth measures 7Y and
convergence rates for the mean integrated square error and the (random) integrated
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Particle-kernel density estimation 5

square error of pY and its truncated version, respectively. In Section 5 we discuss
applications of the particle-kernel estimator of p; and its derivatives. In particular,
we consider the problem of (marginal) MAP estimation of the state variables and the
approximation of functionals of the filtering density, including Shannon’s entropy. Finally,
brief conclusions are presented in Section 6.

2. Particle filtering

2.1. Notation

We first introduce some common notations to be used through the paper, broadly
classified by topics. Below, R denotes the real line, while for an integer d > 1,

d times
——
RI=Rx...xR

e Measures and integrals.
— B(R?) is the o-algebra of Borel subsets of R?.
— P(R?) is the set of probability measures over B(R?).

— (f,n) = [ f(z)u(dx) is the integral of a real function f : RY — R w.r.t. a
measure p € P(R?).

— Take a measure u € P(RY), a Borel set A € B(RY) and a real function
f : R4 — R*. The projective product fxu is a measure, absolutely continuous
w.r.t. 4 and proportional to f, constructed as

_ uf@plds)

(f % p)(A) o

(2.1)

e Functions.

— The supremum norm of a real function f : R? — R is denoted as ||f|/cc =
supgera |f ()]

— B(R?) is the set of bounded real functions over R?, ie., f € B(R?) if, and
only if, || f]leo < 0.

— Cy(R?) is the set of continuous and bounded real functions over R<.
o Sets.

— Given a probability measure u € P(R?), a Borel set A € B(R?) and the

indicator function
La(z) = 1, ifzcA
A= 0, otherwise

1(A) = (Ia,p) = [, u(dz) is the probability of A.
— The Lebesgue measure of a set A € B(R?) is denoted L(A).
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6 Crisan and Miguez

— For a set A € R%, A° = R?\ A denotes its complement.
e Sequences, vectors and random variables (r.v.).
— We use a subscript notation for sequences, x¢, ., = {Zty, oy Tty )
— For an element © = (x1,...,24) € RY of an Euclidean space, its norm is

denoted as ||z|| = /27 + ... + 27

— The L, norm of a real r.v. Z, with p > 1, is written as ||Z||, £ E[|Z|?]/?,
where E[-] denotes expectation.

2.2. Filtering in discrete-time, state-space Markov models

Consider two random sequences, {X;};>0 and {Y;};>1, taking values in R% and R,
respectively. The common probability measure for the pair ({X;}i>0, {Y:}i>1) is denoted
P, and we assume that it is absolutely continuous w.r.t. the Lebesgue measure. We refer
to the first sequence as the state process and we assume that it is an inhomogeneous
Markov chain governed by an initial probability measure 79 € P(R%) and a sequence of
transition kernels 7; : B(R%) x R% — [0, 1], defined as

Tt(A|$t,1) £ P {Xt S A|Xt,1 = .It,l}, (22)

where A € B(R%) is a Borel set. The sequence {Y; };>1 is termed the observation process.
Each r.v. Y; is assumed to be conditionally independent of other observations given the
state X, meaning that

P{Y; € A|Xo: = 0.4, {Yr = un bt} = P{Y: € A| Xy = 24}, (2.3)

for any A € B(R%). Additionally, we assume that every probability measure v, € P(R%)
in the sequence

i (Alz) 2P{Y; € A|X; =2}, AeBR%™), t=1,2,..., (2.4)

has a positive density w.r.t. the Lebesgue measure. We denote this density as g:(y|z),
hence we write v (Alz¢) = [, g¢(y|xe)dy.

The filtering problem consists in the computation of the posterior probability measure
of the state X; given a sequence of observations up to time ¢. Specifically, for a fixed
observation record Y. = y1.7, T < 00, we seek the measures m; € P(RdZ) given by

7Tt(A) £ P{Xt S A|§/i:t :ylzt}, t:O,l,...,T, (25)

where A € B(R%). For many practical problems, the interest actually lies in the
computation of integrals of the form (f,m;). Note that, for ¢ = 0, we recover the prior
measure, i.e., Ty = Tp.
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Particle-kernel density estimation 7
2.3. Particle filters

The sequence of measures {m};>1 can be numerically approximated using particle
filtering. Particle filters are numerical methods based on the recursive decomposition

3]

Ty = g{' * -1, (2.6)

where g{* : R% — R* is the function defined as g}*(z) = g¢(y¢|z), * denotes the
projective product and & £ 7ym;_1 is the (predictive) probability measure

&(A) =mm_1(A) = /Tt(A|x)7Tt,1(d:17), A € B(R%), (2.7)

Specifically, the simplest particle filter, often called ‘standard particle filter’ or ‘bootstrap
filter’ [27] (see also [20]), can be described as follows.

1. Initialization. At time ¢ = 0 draw N i.i.d. samples from the initial distribution
T0 = 7o, denoted :C((J") n=1,...,N.

2. Recursive step. Let QY ;| = {a:t 1}n 1.....~ be the particles (samples) generated at
time ¢t — 1. At time t, proceed with the two steps below.

(a) For n = 1,..,N, draw a sample @E”’ from the probability distribution

Tt('|$§7_1)1) and compute the normalized weight
m _ 9@ (n))

TSN Py

(b) Forn=1,...,N, let 2™ = z{* with probability w*, k € {1,..., N}.

(2.8)

Step 2.(b) is referred to as resampling or selection. In the form stated here, it reduces
to the so-called multinomial resampling algorithm [22, 19] but the convergence of the
algorithm can be easily proved for various other schemes (see, e.g., the treatment of

the resampling step in [8]). Using the samples in QY = {xt")}n:17,,,,N, we construct a
random approximation of 7, namely

d:vt Zé (n) d:vt (29)

where 696(") is the delta unit-measure located at X; = xEn). For any integrable function
t

/ in the state space, it is straightforward to approximate the integral (f,m;) as

(f,m) = (f,7i) NZf ). (2.10)

The convergence of particle filters has been analyzed in a number of different ways.
Most of the results to be described in this paper rely only on the convergence of the L,
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8 Crisan and Miguez

norm of the approximation errors (f,7¥) — (f, m;) for bounded functions. Additionally,
we establish the a.s. convergence toward 0 of the approximation errors for a class of
possibly unbounded functions. Specifically, let f be a real function over the state space
and introduce the notation

()@ = [ FEmldelo)

for conciseness. Note that 7(f) : R% — R is also a real function over the state space.
We define the following class of functions.

Definition 2.1. F. is a family of functions f : R% — R that satisfy:

(i) (f?,m) < oo fort=0,..,T, and
(i) if f € FY. then 7 (fP) € Fh fort=1,..,T.

The set F’% includes functions that are p-integrable w.r.t. ¢, 0 < ¢ < T, and remain
p-integrable when sequentially transformed by the kernels 73, 1 < ¢t < T'. Note that if
p < ¢ then F} C F7. It turns out that if f € F}. for some p > 4, then the error of the
particle approximations vanishes for large IV at every time step. This is precisely stated
by the following proposition.

Proposition 2.1. Assume that the sequence of observations Y1.p = y1.1 is fixed, with
T being some large but finite time horizon, g/* € B(R%) and g/* > 0 (in particular,

(g, &) > 0) for every t =1,2,...,T. The following results hold.
(a) For all f € B(R%) and any p > 1,
N el fllso
H(faﬂ't )_(fﬂTt)HPS W (2.11)

fort=0,1,...,T, where ¢; is a constant independent of N, || f|co = SUp,epa. | f(2)]
and the expectation is taken over all possible realizations of the random measure
7N In particular,

lim |(f, 7)) = (f,m)| =0 a.s. for0 <t <T.
N—o00
(b) If f € F} then limy oo |(f, 7)) — (f,m)| =0 a.s. for 0 <t <T.
See Appendix A for a proof.
Remark 2.1. Part (a) of Proposition 2.1 is fairly standard. A similar proposition was
already proved in [17], albeit under additional assumptions on the state-space model.
Bounds for p = 2 and p = 4 can also be found in a number of references (see, e.g.,

[8, 11, 15]). Part (b) establishes the almost sure convergence for the approximate integrals
of unbounded functions (e.g., for the approximation of the posterior mean) as long
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Particle-kernel density estimation 9

as they are “sufficiently integrable”. A similar result can be found in [31], including
convergence rates. However, the analysis in [31] is carried out for a modified particle
filtering algorithm, that involves a rejection test on the generated particles, and cannot
be applied to the standard particle filter presented in this section.

3. Particle-kernel approximation of the filtering
density

In the sequel we will be concerned with the family of Markov state-space models for
which the posterior probability measures {m };>1 are absolutely continuous w.r.t. the
Lebesgue measure and, therefore, there exist pdf’s p; : R% — [0, +00), t = 1,2, ..., such
that m(A) = [, pi(x)dx for any A € B(R%). The density p; is referred to as the filtering
pdf at time ¢. In this section we briefly review the basic methodology for kernel density
estimation and then describe the construction of sequences of approximations of p; using
the particles generated by a particle filter and a generic kernel function. The section
concludes with the discussion on the relationship between the complexity of the particle
filter (i.e., the number of particles V) and the choice of kernel bandwidth for the density
estimators.

3.1. Kernel density estimators

In order to build an approximation of the function p;(z) using a sample of size N,
{a:g")}izl ,,,,, N, we resort to the classical kernel approach commonly used in density
estimation [43, 45, 44]. Specifically, given a kernel function ¢ : R% — RT, we build
a regularized density function of the form

N 1 o (n)
Py (2) = N Z¢($ -z ). (3.1)

In the classical theory, the kernel function ¢ is often taken to be a non-negative and
symmetric probability density function with zero mean and finite second order moment.
Specifically, the following assumptions are commonly made [43] and we abide by them
in this paper

A. 1. The kernel ¢ is a pdf w.r.t. the Lebesque measure. In particular, ¢p(z) > 0
Vo € R and [ ¢(z)dr = 1.

A. 2. The probability distribution with density ¢ has a finite second order moment, i.e.,
c2 = [||z|*¢(z)dz < oco.

Given a function ¢ satisfying A.1 and A.2 it is possible to define a family of re-scaled
kernels

6 (@) = e (hz) (3.2
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10 Crisan and Miguez

where h > 0 is often referred to as the bandwidth of the kernel function. Both the
kernel and the bandwidth can be optimized to minimize the mean integrated square

error (MISE) between the regularized density and the target densities [45]. Specifically,
the MISE is defined as

1 i
MISE = /E <pt(x) % g p1 (x — xin))> dx, (3.3)
n=1

where the expectation is taken over the random sample. Although the MISE given in Eq.
(3.3) is intractable in general, asymptotic approximations (as N — oco) are known [45].
Moreover, if we assume that argl), s :cgN) are i.i.d. and drawn exactly from p;(x) (beware
that this is not the case in the particle filtering framework, though), then the MISE is

minimized by the Epanechnikov kernel [43]

FEA—a)?), if [l <1

¢p(r) = { 2vdg

3.4
0, otherwise (3-4)

where vy, is the volume of the unit sphere in R . If, additionally, p;(x) is Gaussian with
unit covariance matrix, then the scaling of ¢z that yields the minimum MISE is given
by the bandwidth [45]

1
hopt = [87}(1_11 (de + 4)(2\/E)dw} T NG

In our case, pi(x) is not known (it is known not to be Gaussian in general, though)
and the random sample argl), ...,argN) is not drawn from p;(z), so the standard results
of [43, 45, 44] and others cannot be applied directly and a specific analysis is needed
(36, 35).

In [36], two regularized particle filtering algorithms were studied, each of them yielding
a different kernel estimator of p;. Using the notation in the present paper, they can be
written as

(z — zi™), (3.5)

1
R

N
1
p){\fpre(x) X N th(yt|x)¢
n=1

for the pre-regularized particle filter, and
N
Plpost(®) = D0y (x — 7).
n=1

for the post-regularized particle filter. Note that pgpre(x) is an unnormalized
approximation of p;(x) (the normalization constant cannot be computed in general).
For the post-regularized density estimator it can be shown that under certain regularity
assumptions [36, Theorem 6.15]

E |:/ |pt(x) _pijf\,[post('r)‘ dz | Yi4| =0 a.s.
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Particle-kernel density estimation 11

(where the expectation is taken w.r.t. p{¥ ) when N — oo and h — 0 jointly.

Specifically, the mean total variation decreases as O(N ~3 4 h?). A similar result can
be shown for p;Y,,; [36, Theorem 6.9].

Remark 3.1. Although we use the same notation for the particles, a_:gz), i=1,...,N,
as in Section 2.3, the sampling/resampling schemes in the pre-regularized and post-
regularized particle filters are different from the basic ‘bootstrap’ filter [40, 36]. The
pre-regularized filter, in particular, involves the use of a rejection sampler.

Remark 3.2. The convergence results in [36] for the post-regularized density estimator
pgpost hold true when the following assumptions on the state-space model are guaranteed.

e The transition kernel Ry(z;—1,4) = [, 97t ()7 (dx|zs 1) is mixing [36, Definition
3.2].
Y
e The likelihood satisfies sup,cyz2.1 % < 00, where W21 is the Sobolev space of

functions defined on R% which, together with their derivatives up to order 2, are

integrable with respect to the Lebesgue measure, and || - ||2,1 is the corresponding
norm.
e The measure 73(dx|z;—1) is absolutely continuous w.r.t. the Lebesgue measure, with

density 7,7 (z) € W2! and sup,, | cpa. |77 |21 < oo

Assuming that 7 = 7 for every ¢ > 1 (hence, the Markov state process is
homogeneous), the analysis in [35] targets the convergence in total variation distance
of the continuous measure pY (z)dz, where the density estimator p¥ is defined as

N
(n)
pi(x) = Z gt (ye|z) 7= ()
n=1

(n) -1
with normalization constant ¢; = (25:1 fgt(yt|:v)71t71(:v)d:v) . This is similar to

the pre-regularized approximation p,{\fpm but using the Markov kernel of the model,
7, for smoothing, instead of the generic kernel ¢ 1. Although in most problems it is
possible to draw from 7%t-1, it is often not possible to evaluate it and, in such cases, the
approximation pY is not practical. Also note that pY is not a kernel density estimator of
py in the classical form of Eq. (3.1). The sample of size N from which the approximation is
constructed corresponds to the variable X;_1, rather than X;, and smoothing is achieved

by way of a prediction step (using the Markov kernel 7). It is not possible, in general, to

write p¥ (x) o 25:1 gt(yel) o1 (z — xfﬁ)l) for some kernel function ¢. Under regularity

assumptions on g; and 7, it is proved in [35, Theorem 2] that
P {/ IpN (z) — pe(z)|dx > 6} <crexp{—c2N}, t>1, (3.6)
for any € > 0 and some constants c¢1,cy > 0.
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12 Crisan and Miguez

Remark 3.3. The regularity assumptions on the state-space model in [35, Theorem 2]
are the following.

(a) There are pdf’s {b;},;>1 and two constants 0 < ¢, < C; < oo such that
crbi(z) < 771 (x) < Crb(x), for all z,t.

(b) The likelihood g; satisfies that sup;>1., 4 epae.yerdy gg:((g‘lf,)) < 0.

The assumption in (a) excludes, e.g., models of the form X; = h(X;_1) + V; where the
function h : R% — R9 is not bounded or the noise process V; is Gaussian [35, Section
4.2]. The assumption in (b) is also stronger than required for Proposition 2.1 to hold
true.

2. Approximation of the filtering density and its derivatives

We investigate particle-kernel approximations of p; constructed from a kernel function ¢
and the samples a:( m) ,n=1,..., N, generated by the particle filter. Instead of restricting
our attention to procedures based on a single kernel, however, we consider a sequence
of functions ¢, : R% — R*, k € N, defined according to the notation in Eq. (3.2), i.e.,
on(z) = k% ¢(kx). If ¢ complies with A.1 and A.2, then we have similar properties for ¢.
Trivially, ¢x(z) > 0 Vo € R% and it is also straightforward to check that [ ¢ (z)dz = 1.
Moreover, if we apply the change of variable y = kz and note that dy = k% dz, then

[lalon@ris = 55 [Pty = 25,
from A.2.

The approximation of p; generated by the particles xEn), n =1,...,N, and the k-th
kernel, ¢y, is denoted as pf and has the form

pt Nz(bk x_xt (Qb%aﬂ'iv)a

where ¢%(2') £ ¢r(z — 2'). Beware that, in our notation, we skip the dependence of p¥
on the number of particles, N, for the sake of simplicity. In Section 4.1 we will assume
a certain relationship between N and k that will be carried on through the rest of the
paper and justifies the omission in the notation. Let us also remark that we do not
construct pf in order to approximate integrals w.r.t. the filtering measure (this is more
efficiently achieved using Eq. (2.10)). Instead, we aim at applications where an explicit
approximation of the density p; is necessary. Some examples are considered in Section 5.

In order to investigate the approximation of derivatives of p;, let us consider the multi-

index o = (a1, 9,...,a4,) € N* x N* x ... x N*, where N* = NU {0}, and introduce
the partial derivative operator D defined as
80‘1 e 80‘dz h
D*h &

aq Qd,
Ozt - Oy’
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Particle-kernel density estimation 13

for any (sufficiently differentiable) function h : R% — R. The order of the derivative
D%h is denoted as |a| = Zfil a;. We are interested in the approximation of functions
D®p;(x) which are continuous, as explicitly given below.

A. 3. For every x in the domain of pi(x), D*p(x) exists and is Lipschitz continuous,
i.e., there exists a constant co ¢ > 0 such that

[Dpe(x — 2) = Dpe()| < cael |l
for all x,z € R,

Remark 3.4. It is possible to check whether A.3 holds by inspecting the transition
kernel 7z and the likelihood function g¥*. For example, assume that 7(dz|z’) has an
associated density w.r.t. the Lebesgue measure, denoted thl. A sufficient condition for
D®p, to be Lipschitz is that both gy* and thl be bounded with bounded derivatives up to
order 1+ |al. Specifically, it is sufficient that g/* € B(R%) and, for any 8 = (81, ..., B4, )
such that 0 < |B8] < 1+ |a|, Dg}* € B(R%) and there exist constants cg, independent
of z and 2/, such that D7 < cg.

For the same «, we also impose the following condition on the kernel ¢.

A. 4. D% € Cy(R%), i.e., D¢ is a continuous and bounded function. In particular,
1D%|oc = sup,eras [DG(z)] < oo

Remark 3.5. Trivially, if D®¢ € Cy(R%) then D%¢), € Cy(R%) for any finite k. In
particular, | D¢ ||o = k%t DY@|| 0.

The approximation of D%p; computed from the samples xﬁ"), n =1,...,N, and the
k-th kernel, ¢, has the form

N
DUpb(r) = 1 D0 Do) = (Dgf, i) (37)

n=1

3.3. Complexity of the particle filter and choice of kernel
bandwidth

In the sequel, we will be concerned with the convergence of the sequence of
approximations {Do‘pf}kzl under the generic assumptions A.1-A.4. The convergence
results introduced in Sections 4 and 5 are given either as limits, for kK — oo, or as error
bounds that decrease with k.

Recall, however, that pf(z) = (¢%,7), ie., the density estimator pf depends
both on the kernel bandwidth h = % and the number of particles N. A distinctive
feature of the analysis in Sections 4 and 5 is that it links both indices by way of the
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14 Crisan and Miguez

inequality N > k2(d=tlol41) where [ = 2% oy is the order of the derivative D*. For
a=(0,...,0), Dk = pk and
N > k2=t (3.8)

Obviously, k — oo implies that N — oo and A — 0.

This connection is useful to provide simple bounds for the approximation errors,
but also because it yields guidance for the numerical implementation of the density
estimators. In particular, for |o| = 0 and a fixed kernel bandwidth h = %, the inequality
in (3.8) determines the minimum number of particles N that are needed in the particle
filter in order to guarantee that convergence, at the rates given by the Theorems of
Sections 4 and 5, holds. A lesser number of samples (i.e., some N < k2(@=+1)) would
result in an under-smoothed density pf(z) with a bigger approximation error.

If the computational complexity of the particle filter is limited by practical
considerations, then N is given and the error bounds to be introduced only hold

when £ < N ECrEey or, equivalently, when the kernel bandwidth is lower-bounded

as h = % > N “2@ %0, A smaller bandwidth would, again, result in an under-

smoothed approximation p§(x). On the other hand, since over-smoothing also increases

the approximation error of kernel density estimators [43], it is convenient to choose the

smallest possible bandwidth h. For given N, we should therefore select? h = h(N) =
1

N~ =77,

4. Convergence of the approximations

Starting from Proposition 2.1, we prove that the kernel approximations of the filtering
pdf, p¥(x), and its derivates converge a.s. for every z in the domain of p;, both point-
wise and uniformly on R% . We also prove that the smoothed approximating measure
w (k) (dz) = pf(x)dx converges to 7; in total variation distance and that the integrated
square error of a sequence of truncated density estimators converges quadratically (in &)
toward 0 a.s. Explicit convergence rates for the approximations are given.

4.1. Almost sure convergence

In this section we obtain convergence rates for the particle-kernel approximation D*pf (z)
of Eq. (3.7). Depending on the support of the density p;(x), these rates may be point-wise
or uniform (for all z). In both cases, convergence is attained a.s. based on the following
auxiliary result.

Lemma 4.1. Let {Ok}keN be a sequence of non-negative random variables such that,
forp =2,

E[(0%)] < —

<< (1)

2In practice, an adaptive choice of the kernel bandwidth (see, e.g., [5, 47]) is generally more efficient.
In this paper, however, we restrict our attention to fixed-bandwidth kernels.
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Particle-kernel density estimation 15

where ¢ > 0 and 0 < v < 1 are constant w.r.t. k. Then, there exists a non-negative and
a.s. finite random variable U®, independent of k, such that

UE

k

0~ < jRE= (4.2)
where ip” < e <1 isalso a constant w.r.t. k.

Proof: See Appendix B.

Remark 4.1. In Lemma 4.1, if the inequality (4.1) holds for all p > 2 then the constant
¢ in (4.2) can be made arbitrarily small, i.e., we can choose 0 < & < 1.

Using Lemma 4.1, it is possible to prove that Dpf(z) — D%ps(x) a.s. and obtain
explicit convergence rates. In order to establish a connection between the sequence of
kernels ¢y (), k € N, and the sequence of measure approximations 7', N € N, we define
the number of particles to be a function of the kernel index and denote it as N (k). To be
specific, for a given multi-index o, we assume that N (k) > k>(@=+lel+1) In this way, all
the convergence rates to be presented in this paper are primarily given in terms of the
kernel index k. We first show that D®pF — Dp; point-wise for z € R%.

Theorem 4.1. Under assumptions A.1, A.2, A.3, A.4 and N(k) > k>detlal+1) the
inequality

VE,one
|Dpy (x) — Dpe()] <

holds true, with V*%% an a.s. finite, non-negative random wvariable and a constant
0 <e < 1. In particular,

lim }Do‘pf(x) —Dy(z)| =0 as. (4.4)

k— o0

Proof: Let us construct an approximation of p;(z) using the kernel ¢, and the true
filtering measure m;, namely, pf (z) = (¢%, 7). Since 7 (dx) = pi(x)dz, the approximation
pr is actually a convolution integral and can be written in two alternative ways using the
commutative property, namely

ﬁf(x) = /gbk(:zr — 2)pe(2)dz = /(bk(z)pt(x —2)dz. (4.5)

Let us now consider the derivative D%p;. If we apply the operator D* to pF in (4.5) we
readily obtain

Dt (z) = / or(2) DOy — 2)dz

imsart-bj ver. 2013/03/06 file: density.tex date: July 4, 2013



16 Crisan and Miguez

and, using the latter expression, we find an upper bound for the error |D°‘ﬁtk(:v) —
D%p¢(z)|. In particular,

D) = D)) = | [ oD%t~ 2z = Do

< / o0(2) |Dp(z — ) — DOpy(z)|dz (4.6)
< cos [ 012l (4.7)
< cus / 61(2)||2IPd> (4.8)

_ cw%, (4.9)

where Eq. (4.6) follows from A.1 (namely, ¢ > 0), (4.7) is obtained from the Lipschitz
assumption A.3, (4.8) follows from Jensen’s inequality and, finally, the bound in (4.9) is
obtained from assumption A.2. Note that c,,; and ¢y are constants with respect to both
x and k. As a consequence of (4.9),

lim Dy (x) = D*py(x).
k— oo

Consider now the approximation, with N (k) particles, D®pf = (D*¢¥, ﬂ'tN(k)) of the
integral (D“¢7, m;). From Proposition 2.1 and assumption A.4 we obtain

ID*wf (@) - Do), = [0k, mYY) = (g, m)

p
etk DY)
N(k)

; (4.10)

where we have used Remark 3.5 and the constant ¢ is independent of N (k) and z.
A straightforward application of the triangle inequality now yields

|Dpt (x) = Dpu()||, < || Dpf () = DB ()|, + || DB () — Dpu()[, . (4.11)

The first term on the right-hand side of (4.11) can be bounded using (4.10), while the
second term also has an upper bound given by® (4.9). Taking both bounds together, we
arrive at

< Etkdz+|o“||Da¢Hoo Ca,t\/a S @

1D pf (@) = Dpe(a)]|, < N z k

, (4.12)

3Note that ||Daﬁ,’f(x) — Dapt(:c)Hp = !Daﬁ,’f(x) — Dapt(:c)| because D®p" () does not depend on
N (k)
T
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Particle-kernel density estimation 17

where the second inequality follows from the assumption N(k) > k2(datlal+1) and

Cat = Ct||D®|loo + Ca,t4/C2.a 1S & constant.
The inequality (4.12) immediately yields

p Eg t
E [|D°p(a) - Dpu(a)|”] < (4.13)

and we can apply Lemma 4.1, with 6% = |D°‘pf(:1:) — Do‘pt(x)‘, v = 0 and arbitrarily
large p > 2, to obtain

i VT,
|Dpt (x) = Dpe(z)| < (4.14)

<
where V*®*¢ is a non-negative and a.s. finite random variable and 0 < ¢ < 1 is a
constant, both of them independent of k. The limit in Eq. (4.4) follows immediately from

the inequality (4.14).
O

Remark 4.2. The convergence rate for the approximation error || Dpk(x)— D%p,(x)||,
given by inequality (4.12) can be improved if we place additional assumptions on the filter
density and the kernel, and increase the number of particles N(k). In particular, if in
addition to A.1-A.4 we assume that

e pi(x) has continuous and bounded derivatives up to order |a| + 2,
e the kernel satisfies [ z;¢(z)dz =0, for i = 1, ...,d,, and
o N(k) > k?(datlal+2),

then it can be shown, using the multivariate version of Taylor’s theorem, that

Ca,t
IDpf () = Dpy ()l < —5

for some constant C, ; independent of k. A specific result that relies on these extended
assumptions is given in Theorem 4.6 (see Section 4.3).

Remark 4.3. The constant ¢, of Eq. (4.12) is independent of the index k and the
point x € R%. The random variable V®®¢ is also independent of the kernel index k,
as explicitly given by Lemma 4.1. However, it may depend on the multi-index «, the
dimension of the state space d, and the point x where the derivative of the density is
approximated, hence the notation.

Remark 4.4. For a = (0,...,0) = 0, the inequality (4.3) implies that that we can
construct a particle approximation of p:(x) that converges point-wise. In particular,

D°,(z) = pi(z) and DOk (z) = pf(z) = (97, w,fv(k)), hence Eq. (4.4) becomes
lim [pf(z) —pi(z)| =0 a.s. (4.15)
k—o0

for every x € R%.
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18 Crisan and Miguez

Remark 4.5. The proof of Theorem 4.1 does not demand that the assumptions A.3,
A4 and N(k) > Ek>detlal+1) hold for every possible a, but only for the particular
derivative we need to approximate. For instance, if we only aim to approximate p(x) (i.e.,
a = 0), assumption A.2 implies that the distribution with density ¢ must have a finite
second order moment, assumption A.3 means that p; must be Lipschitz, assumption A.4
implies that the basic kernel function ¢ must be continuous and bounded, and it suffices
that the number of particles satisfies the inequality N (k) > k2(d=+1),

Most of the results to be given in the remaining of this paper are conditional on
the assumptions A.1, A.2, A.3, A4 and N(k) > k>(@+lal+1) the same as Theorem
4.1. However, they refer only to properties of p; and its first order derivatives and,
as a consequence, it is enough to assume that A.3 and A.4 hold true for « = 0 and
a=1=(1,...,1) alone. For the same reason, it suffices to assume N (k) > k2(2d=+1),

Through the rest of the paper, we say that the “standard conditions” are satisfied
when

e A.1 and A.2 hold true;
e A.3 and A.4 hold true for, at least, « = 0 and o = 1; and
° N(k) > k2(2dm+1).

If we restrict = to take values on a sequence of compact subsets of R% , then we can
obtain a convergence rate for the error |p¥(z) — p;(z)| that is uniform on =, instead of
point-wise like in Theorem 4.1. For the following result we fix p > 2 and consider the
sequence of hypercubes

K = [=Mpy, +Mj] X ... X [=My,+My] C R%,

where My, = %kﬁﬁp, and 0 < B < 1 is a positive constant independent of k. Note that,
for any fixed p and 8 > 0, limy_ o0 K = R%.

Theorem 4.2. If the standard conditions are satisfied, then
UE

k
sup |py(x) —pe(2)| < 47—,
zem| F(x) — pe(a)| R

where U® > 0 is an a.s. finite random variable and 0 < € < 1 is a constant, both of them
independent of k and x. In particular,

lim sup }pf(x) —p(2)] =0 as.

k— o0 €K%

Proof: For any x = (1, ...,74,) € Kx and a function f : R% — R continuous, bounded
and differentiable,

Ty L, 0 0
f() — £(0) = / [ Dy - / [ DU

— My, —Mj, —Mj, —Mj,
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Particle-kernel density estimation 19

In particular, for z; € [— My, My], i = 1,...,d,, and the assumption A.4 with o = 1,

My, M;,
|pt (z) — pe(a)| <2 - / |D'py(z) — D'pu(2)| dz + |py (0) — pe(0)]  (4.16)
— Mj, —Mj,
and, as a consequence,
sup [Pt (x) = pe()] < 24" + [p;(0) — pe(0)], (4.17)
[AS) X

where
My, My,
AF = / / ‘Dlpf(z)—Dlpt(z)‘dZ.
— My, — My,

An application of Jensen’s inequality yields, for p > 1,

1 k ' 1 M M 1,k 1 p
A < / e / D z)— D p(2)| dz,
9ds M;Ciz 9da Mgm YA M, | by ( ) pt( )|

hence

2dw 1

My, My,
(4F)7 < 2dalo=1) A=) 5 / / IDYpE(z) — Dpu(e)[ dz. (4.18)
=0 Y M =M,

Since, from inequality (4.12) in the proof of Theorem 4.1,

i
B [[DYpf(se(2)) = Dpilse(2))[] < 2, (4.19)
we can combine (4.19) and (4.18) to arrive at

dyp £\ fdap = =
20-P M " Czi,t B Czi,t

E[(AM] < k» T k8

where the equality follows from the relationship M = %kﬁ Using Lemma 4.1 with

O = A¥, p > 2, v = B and ¢ = & ,, we obtain a constant e; € (%, 1) and a non-

negative and a.s. finite random variable V41, both of them independent of k, such
that

VA.,El
Ak S k1_€1 . (420)
Since, from Proposition 2.1,
k P Eg,t
E [|Pt (z) = pi(2)] } S 5
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20 Crisan and Miguez

we can apply Lemma 4.1 again, with 6% = |pf(0) — p¢(0)], p > 2, v = 0 and ¢ = &g, to

obtain that
1/ pe(0),2

P} (0) = pe(0)] < R (4.21)

where €9 € (%, 1) is a constant and V?(9:2 is a non-negative and a.s. finite random
variable, both of them independent of k.

If we choose ¢ = 1 = 3 € (%, 1) and define U® = V4= 4 VP02 then the
combination of Egs. (4.17), (4.20) and (4.21) yields

k Us
sup |p; (v) — pi(@)]| < ;
1€Kk’ t( ) ( )’ klfs
where U€ is a.s. finite. Note that U® and ¢ are independent of k. Moreover, we can choose

p as large as we wish and 8 > 0 as small as needed, hence we can select € € (0, 1).
O

Remark 4.6. Assuming that A.3 and A.4 hold for the multi-index o/ = « + 1, the
argument of the proof of Theorem 4.2 can also be adapted to show that

sup [Dpi(x) = Dpy()| < 5=
e

where the constant 0 < & < 1 and the a.s. finite random variable U¢ > 0 are independent
of k.

Remark 4.7. Theorem 4.2 also holds for a fixed compact subset X C R% instead of

the sequence K1, Ks,... In particular, the presented proof is easily adapted to a fixed
hypercube K = [-M,+M] x ...[—M,+M]. Therefore,
" U
sup ’pt (z) — pt(:zr)’ < RE—= (4.22)
zelkl

where the constant 0 < £ < 1 and the a.s. finite random variable U¢ > 0 are independent
of k.

4.2. Convergence in total variation distance

The total variation distance (TVD) between two measures y1, 2 € P(R?) on the Borel
o-algebra B(R?) is defined as

dryv (p1,p2) £ sup  [p1(A) — pa(A)].
AeB(R4)
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Particle-kernel density estimation 21

Correspondingly, a sequence of measures u” € P(R?) converges toward p € P(R9) in
TVD when lim, o dpyv (1™, 1) = 0. It can be shown that if p™ and p have densities
w.r.t. the Lebesgue measure, denoted ¢" and ¢, respectively, then

drv (U™, pt) /Iq z)| dz

and, therefore, the sequence p™ converges to p in TVD if, and only if,

lim / l¢" () — q(z)| dz = 0. (4.23)
Consider the smooth approximating measures

%iv(k) (dz) = pf(x)dz, k=1,2,...

In this section we show that the sequence 7“r,fv (k) converges toward 7; in TVD, as k — oo,

by proving first that [ ’pf — pt} dr — 0 under the same assumptions of Theorem 4.2.
This result is established by Theorem 4.3 below. The same as in the proof of Theorem
4.2, we consider an increasing sequence of hypercubes K; C ... C K C ... C R% where
Kk = [~ My, +Mj] x ... x [~ Mp, +Mj] and My, = Lka:7 | with constants 0 < 3 < 1 and
p > 3. Also, recall that, for a set A € R%, A° = R%\ A denotes its complement and, given
a probability measure p € P(R?), u(A) = [, p(dz) is the probability of A.

Theorem 4.3. If the standard conditions are satisfied and m,(K$) < 2k=7, where b > 0
and v > 0 are arbitrary but constant w.r.t. k, then

| M) — ()| do < @
by bt Jemin{l—e,y}’

where QF > 0 is an a.s. finite random variable and 0 < € < 1 is a constant, both of them
independent of k. In particular,

lim /‘pf(m) —pi(z)|de =0 as.

k— o0

and, as a consequence,

(" m) =0

hrn drv a.s.

Proof: We start with a trivial decomposition of the integrated absolute error,

J i@ -l = [ bk -p@laes [ k@) - ni)a

/K k@) (@) e -2 / nle)ia

+ [ 0@ — (o) da,

IN
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22 Crisan and Miguez

where the equality follows from K U K, = R% and the inequality is obtained from the
fact that p; and p} are non-negative. Moreover

J

k() = pe(x)) da fx—ta: T fa:—tx dx
i(pt() p())d </’Ci|p() p()|d </’Ck‘p() p()‘
hence

k() = pe(x)| da fx—ta: T+ () dx .
/|pt() pe( )|d <2/’Ck|p() pe( )|d 2/’C2p() (4.24)

The first term on the right-hand side (4.24) can be bounded by

/ |pt () — ()| dz < L(Ky) sup |p}(z) — pe()|, (4.25)
K TEK

where L(Ky) = (2My)% = kv is the Lebesgue measure of K. From Theorem 4.2, the
supremum in (4.25) can be bounded as sup,cx, [pF(z) — pi(x)| < V' /k'7°, where
Ve > 0 is an a.s. finite random variable and % < &1 < 1 is a constant, both
independent of k. Therefore, the inequality (4.25) can be extended to yield

Ve Ve

k1*51*§ B kl—E’

/’C P () — pu(2)| da < (4.26)

where e = 1 + % and Ve = Ve, If we choose 1 < 1 — %, then € € (%, 1). Note that,

forf<landp>3,1— % — % >1— % > 0, hence both £ and ¢ are well defined.
For the second integral in Eq. (4.24), note that [, p;(x)dz = m(Kf) and, therefore,
k
it can be bounded directly from the assumptions in the Theorem, i.e.,

2/ pe(x)de < bk™7, (4.27)
K

c
k

where b > 0 and v > 0 are constant w.r.t. k. Putting together Eqgs. (4.24), (4.26) and
(4.27) yields the desired result.
O

Remark 4.8. The condition m(K$) < %k~7 in the statement of Theorem 4.3 is
satisfied for any ¢ when

e it is satisfied at time ¢ = 0, i.e., there exists some constant by such that mo(K5) <
bo .=
2 Y

e the likelihood is bounded, i.e., g/* € B(R%),

e and the kernels 7;(dz|2") have sufficiently light tails for every ¢ and every 2’ € R,

The latter can be made more precise using a standard induction argument. For example,
s 8
let KCj, = [—3k:7,+3k7r] with p > 2 and 0 < B < 1, and assume that for any 2’ € R%
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the kernel 7, satisfies that 7,(K5) < b(Tzl)k_V for some function b : R% — (0, c0). If b(2')

a
can be upper bounded by a polynomial function, say b(z') < ¢ (1 + (Z?;l | ) ), for
some constant ¢ > 0 and degree a < %

that 7, (Kg) < %k,

, then there exists a constant by < oo such

4.3. Integrated square error

A standard figure of merit for the assessment of kernel density estimators is the mean
integrated square error (MISE) [43, 44]. If we assume that both p;(z) and the kernel ¢(z)
take values on a compact set I, then it is relatively simple to prove that the MISE of
the sequence of approximations DpF converges toward 0 quadratically with the index
k. In particular, we have the following result.

Theorem 4.4. Assume that A.1, A.2, A.3, A.4 and N (k) > k*(=el+0) hold true. If
both p(x) and the kernel ¢(x) have a compact support set K C R%  then

MISEE/ E [(Dapf(x) - Do‘pt(a:))z} dr < ca];;;,t,
K

where cq it > 0 is constant w.r.t. k.

Proof: Since any compact set is contained in a larger hypercube, we can choose
K =[-M,+M] x --- x [-M,+M] without loss of generality. Furthermore, since the
assumptions of Theorem 4.1 are satisfied, we can recall the inequality in (4.13), which,

selecting p = 2, yields
)
« «@ 2 C(L
E[(D°pf () = D*pi())”] < =,

where the constant Egi is independent of k£ and x. Therefore,

=2
cz, N
[ B [0t - D)) e < Bt < 2

where £(K) = (2M)% is the Lebesgue measure of K and cq ke = (2M)%22 ;.
O
It is also possible to establish a quadratic convergence rate (w.r.t. k) for the integrated
square error (ISE) of a sequence of truncated density approximations. In particular,
8
consider the usual hypercubes Ky = [— My, + My x - - - X [—= My, +M},] with My, = %km,
for some p > % and a constant 0 < # < 1, and define the truncated density estimators

k(x), ifze Ky,
p:k(a:) = Ik, (x)pf(x) = { gt( ) otherwiske

Since limy o0 K = R% it follows that limy_, o |ptTk(3:) —pf(z)| = 0 and we can make
ptT ok arbitrarily close to the original approximation. The theorem below states that ptT ok

converges a.s. toward p;, with a quadratic rate.
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24 Crisan and Miguez

Theorem 4.5. If the standard conditions are satisfied, p; € B(R%) and m(KS) <
bk=7, where b > 0 and v > 0 are arbitrary but constant w.r.t. k, then

B . 2 U=
ISE:/(pt (2) = pila)) do < pmm et

where U > 0 is an a.s. finite random variable, independent of k, and 0 < & < 2 is an
arbitrarily small constant. In particular,

2
lim (p;r’k(x) - pt(:zr)) dr=0 a.s.

k— o0

Proof: We start with the trivial decomposition

J 6@ —n@) e = [ (o) o) e
[ (@ -n@) dn @)

where Kf, = R\ ), is the complement of K, and, expanding the square in the last
integral of Eq. (4.28), we obtain

J 0@ —n@) e = [ (o) - pw) e
+ [ (po) =l @) (e

“k

In the rest of the proof, we compute upper bounds for each of the integrals on the
right-hand side of Eq. (4.29).
For the first term in (4.29) we note that p; **(z) = p¥(z) for all 2 € K, hence

/le (P:k(w) —Pt(x))de = /’Ck (pf(x) —Pt(x))Qd;v

Pt —p)]) . )

c
k

c
k

(p1*@) = pil@)) o[ H @)z (4.29)

c
k

IN

L(Ky) (sup

e

where L£(Ky) = (2My)% = k7. Using Theorem 4.2, we obtain an upper bound for the
supremum in Eq. (4.30), namely sup,cx, |pf(z) — pi(z)] < V1 /k'=1, where V! > 0
is an a.s. finite random variable and % < &1 < 11is a constant. Both V¢! and ¢, are
independent of k. We then extend the inequality in (4.30) as

2 5 (Ver)? U
/ (p;ﬂk(x) _pt(x)) dx < k» ](€2_—221 = F, (4.31)
K
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where € = 2 —|—§ and U® = (V‘El)z. If we choose g1 < 1 — 2%, then € € (#,2). Note

that, for 5 < 1 and p > %, 2 — # > 0, hence ¢ is well defined.

For the second term on the right-hand side of Eq. (4.29) we simply note that
p F(x) =0 for all z K¢ and pi(z) < ||ptl|ec < o0, since p; € B(R9*). Therefore,

J

and using the assumption m(KC5) < bk™7 we obtain

J

The third term is trivial. Since p;r’k(x) = 0 for all z € K, it follows that

J

Substituting Eqgs. (4.31), (4.32) and (4.33) into Eq. (4.29) yields

’ U°  blpelo e
/(p:)k(x)_]?t(iﬂ)) dz < + vl <

(nle) =20 @) (o) < Il | (o) = (D)

c
k

(pe(@) (@) pela)ar < 2Plee (432)

c
k

(p7 @) = pil@)) P (@) = 0. (4.33)

c
k

- k2-¢ kY — fmin{2—e,v}’

where U = U® + b|p; oo and 0 < & < 2.

O

The classical asymptotic approximation of the MISE (AMISE) for kernel density
estimators built from i.i.d. samples is (see, e.g., [23] and note that we restrict ourselves
to diagonal bandwidth matrices)

c(¢)
Nhi=’

where h > 0 is the bandwidth parameter, ¢(¢,p,) > 0 is a constant that depends on
the kernel ¢ and the target density (denoted p, here and assumed twice differentiable),
c(¢) > 0 is another constant depending on ¢ alone and N is the number of samples. If
we substitute h = 1/k and N = k?%¥2 as given by our analysis, into the expression
above, then we find that the MISE converges asymptotically as %, for some constant
é(¢,po) > 0. We note, however, that

AMISE = h*c(¢, po) + (4.34)

e Eq. (4.34) is only an asymptotic approximation of the MISE, whereas Theorems
4.4 and 4.5 give actual upper bounds for the MISE and the ISE that are valid for
every k;

e the AMISE of Eq. (4.34) is derived under the assumption that a size N sample
drawn from the density p; is available [45], whereas Theorems 4.4 and 4.5 hold true
for the smoothing of any random measure 7}" that satisfies ||(f, 7)) — (f, 7|, <

% for some constant ¢ and f € B(R%).
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26 Crisan and Miguez

Nevertheless, the convergence rate for the MISE in Theorem 4.4 can be improved if
we place some additional assumptions on the kernel ¢(x), assume that the filter density
is sufficiently smooth and increase the number of particles N (k) in the filter. To be
specific, we consider the approximation of p;(x) alone for clarity and make the following
assumptions.

a.1 The kernel ¢(z) satisfies A.1 (¢ > 0, [¢(x)dz =1), A2 ([ ||z|*d(z)dz < Cy < 0
for some constant Cs) and it is a bounded function. Additionally, [ z;¢(z)dz =0
for every i € {1,...,d, }.

a.2 The filter density p; has continuous and bounded derivatives up to order 2, i.e.,
D%p; € Cy(R%) for every a such that |a| < 2.

a.3 The number of particles is selected to guarantee that N = N (k) > k?(d=+2),

Then we have the following refinement of Theorem 4.4 for oo = 0.
Theorem 4.6. If both p;(x) and the kernel ¢(z) have a compact support set K C R%=
and assumptions a.1, a.2 and a.3 hold, then

MISE = /’CE [(p,’f(x) —pt(x)ﬂ dx < iﬁt

where Cic v < 00 is constant w.r.t. k.

Proof: Recall the deterministic approximation py(x) = (¢%,m) of pi(z). Using the
multivariate version of Taylor’s theorem, the difference pF(x) — pi(z) can be written
as

P(x) —pla) = / b1(2) (el — 2) — po(a)) dz

/ o) [ 3 D@27+ Y Rale - 2)(—2)7 | @35)

a:lal=1 a:lal|=2

. . .
where z® = 2{"* -+ - z;* and the remainder terms, R,, satisfy

|Ro(z — 2)| < Jnax, | D pt] oo (4.36)

From assumption a.l, [ ¢y (2)z;dz = 0 for any 1 < i < d,, hence

dy

S Dopi(a) / o (2)(—2)%dz = — Z gi’; (z) / o (2)zdz = 0. (4.37)

a:lal=1

Substituting (4.37) and (4.36) into (4.35) and taking the absolute value of the difference
yields

1P¥ (2) — pu()| < ( m8|L§2||Dapt|oo> Z }/¢k(2)|2i2j|d2.

a:la o
i,j€{1,...,d
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However, max,, 4|2 || D*Pt||so < 00 from assumption a.2 and [ ¢ (2)[2izj|dz < £ from
assumption a.l. Therefore, we obtain

~ C

15 (2) = pr()] < 5 (4.38)
where the constant Ca ; = max,.|q|—2 | Dpt||od?Co < o0 is independent of k. Combining
(4.38) with the inequalities (4.10) (for & = 0) and (4.11) yields

_—
K ak™|[dllo | Cau
z) — p(@)|p, £ ———— + —=,
I o) = (o)l < Sl
where ¢ is constant w.r.t. to k (and N(k)). From assumption a.3, N (k) > k>(@=+2) e
arrive at _
Ca

o (4.39)

Ip§ () = pe()]l <
where Oy = &||¢||c + Ca,r < 00 is a constant.
Similarly to the proof of Theorem 4.4, we choose K = [-M,+M] x --- x [-M,+M]
without loss of generality. Using the inequality (4.39) with p = 2, we readily obtain

/’CE [(pf(x) _pt(x))Q} dr < C];iztﬁ(/@ < k—4’,

where £(K) = (2M)% is the Lebesgue measure of K and Ci; = (2M)%C3 , is constant
w.r.t. k.

O

Note that the improvement of the convergence rate in Thorem 4.6 (k=% versus k=2 in
Theorem 4.4) is obtained at the expense of slightly increasing the computational cost of
the particle filter (N (k) > k*(@+2) are needed, versus N (k) > k*(@=+1 in Theorem 4.4
for a = 0).

4.4. Convergence with the number of particles N

The results stated in this section are given in terms of the index k£ because this leads to
concise expressions for the upper bounds of the approximation errors and it also yields
a straightforward connection with classical kernel density estimation results in terms of
the kernel bandwidth (recall that h = 1/k), as explicitly exploited in Section 4.3.
However, for the use of numerical schemes it may be useful to re-state, or at least
interpret, some of these results in terms of the number particles, N, in the particle
filter, since it is this parameter that determines the computational complexity of the
algorithm. Fortunately, there is a straightforward (and deterministic) connection between
the values of N and k, as already discussed in Section 3.3. Here, we elaborate on this
issue and provide versions of Theorems 4.2 (uniform convergence over the state space),
4.3 (convergence in total variation distance of the continuous particle approximation of
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28 Crisan and Miguez

m¢) and 4.5 (convergence of the ISE) with rates given in terms of N. They are given as
corollaries, as their proofs are straightforward from the original theorems.

Under the standard conditions in Remark 4.5, the number of particles N and the
inverse bandwidth k satisfy the inequality N > k2(4=+1D and they are both integer
quantities. Therefore, given N, the largest inverse bandwidth that we can choose is

k(N) = | N7 |, (4.40)

where | z] = sup{m € Z : m < z}.It is apparent that limn_, o k(N) = oco. For conciseness
in the notation, let us write

Y (@) = pr V(@) = (68 ) 1)

for the kernel approximation of p; with N particles determined by the map (4.40).
Similarly, consider the sequence of hypercubes

I&N = [—MN,—I—MN] X ... X [—MN,—l-MN],

where MN = %k(N)%, with positive constants p > 2 and 0 < § < 1. This is the
counterpart of the sequence Ky in Section 4.1. Then, the next result follows readily from
Theorem 4.2.

Corollary 4.1. If the standard conditions are satisfied, then

UE
Y
sup |py (z) — pe(v)| < g
xeiﬁN’ t ’ k(N)l €

where k(N) = LNW;H)J, U® > 0 is an a.s. finite random variable and 0 < e <1 is a
constant, both of them independent of N and x. In particular,

lim sup [p (z) —pe(2)| =0 as.
N_)OOzelﬁN

If we write 77 (dz) = pY¥ (x)dz for the continuous approximation of m;(dx) constructed
from the approximate density for a given number of particles N, then we have the
corollary below, that follows immediately from Theorem 4.3.

Corollary 4.2. If the standard conditions are satisfied and m;(KS,) < bk(N)™Y, where
kE(N) = LNﬂd;H)J and b > 0 and v > 0 are constants independent of N, then

/ g

k(N)min{l—a,'y} ’
where QF is an a.s. finite random variable and 0 < ¢ < 1 is a constant, both of them
independent of N. In particular,

pr (x) = pe()| do <

N—o00

lim / by () — pe(a)|de =0 a.s.
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and, as a consequence,
lim dpy (7Y, 7)) =0 a.s.
N—00

We can also give a version of Theorem 4.5 with the error bound explicitly given in
terms of the number of particles, N. To write it, let p, "™ (z) = p:’k(N) (x) = Ig, (z)pN ()

be the truncation of the approximate density within the compact hypercube Kx. Then
we have the corollary below, which is proved in a trivial way from Theorem 4.5.

Corollary 4.3. If the standard conditions are satisfied, p; € B(R%) and m(KS) <

bk(N)~7, where k(N) = | 2<d;+1>J and b > 0 and vy > 0 are constants independent of
N, then

_ TN 2 Ue
ISE = / (pt (x) _pt(x)) dr < W,

where U > 0 is an a.s. finite random variable, independent of N, and 0 < & < 2 is an
arbitrarily small constant. In particular,

2
lim (ﬁtTN(:zr) - pt(:zr)) dr=0 a.s.

N—o00

4.5. A simple example

There are several possible choices for the kernel function ¢(xz) that comply with
assumptions A.1 and A.2. In particular, the standard multivariate Gaussian density with
unit covariance,

bo () = — L$s e
alz) = —expy —5 ) T o,
(27T)dT 23 ’

the d,-dimensional Laplacian pdf,
d dy
1\ 1
¢L($) = (%> exXp —EZ|$J| 5

where b = /5, and the Epanechnikov kernel ¢p(z) of Eq. (3.4) are densities with
bounded second order moment.

It is also straightforward to check assumption A.4 for « = 0 and o = 1. In particular,
for a = 0, it is apparent that ¢g, ¢, ¢pr € Cp(R%). For a = 1, the partial derivatives
of the Gaussian and Laplacian kernels yield

. (=)™ 1 B
D ¢g(x) = dinleXp —§ij and
(2m)% j=1
d
—1)n" 1
DY¢r(z) = o p2d, P —gjil lz;| p, x#0,
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30 Crisan and Miguez

respectively, where n* = [{l € {1,...,d,} : &; > 0}] is the number of positive elements
of x € R%. Tt is not hard to verify that D¢q € Cp(R%), while D¢, € B(R%). As for
the Epanechnikov kernel, it is easy to show that D'¢g(z) = 0 Vo € Rd=.

In the sequel, we consider a simple example consisting in the approximation of a
Gaussian filtering density using the Epanechnikov kernel.

Ezxample 4.1. Consider the state-space system
po(xo) = N(20;0,Z2), Xi=AX; 1+U;, Yi=BX;+V, t=12, .. (4.41)

where N (x;0,Z5) is the bivariate Gaussian pdf with mean 0 and 2 x 2 identity covariance
matrix, Zp; the matrices A, B € R?*? are

0.50 —0.35 0.50  0.30
A= [ 0.39 —0.45 } , B= { ~0.80 0.20 ] ’

and U, Vi, t = 1,2, ..., are sequences of independent and identically distributed 2 x 1
Gaussian vectors with zero mean and covariance Zy. For this class of (linear and Gaussian)
models the filtering pdf p;, ¢ > 1, can be computed exactly using the Kalman filter [33]
and, therefore, we have a reference for comparison with the approximations pf produced
by the particle filter with N (k) = k2(%=+1) = k6 samples.

For the simulation, we generated two sequences, xg,z1,...,xp and yi,...,yr for
T = 50, according to the model (4.41). Then, using the fixed data y;.7, we run a Kalman
filter to compute the Gaussian pdf pr(z) = N(z;Zr, Xr) exactly, where Zr and Y are
the posterior mean and covariance at time T, respectively. For the same sequence yi.7,
we run independent particle filters with various values of k and N (k) = kS particles each.

Figure 1 shows plots of the approximations pk.(z) for k = 4,7,10 (constructed using
the Epanechnikov kernel, ¢ ) and the true pdf pr(x). The plots are drawn from a regular
grid of points in R?, namely

x € Gpr={(r1,22) : 11 = —2.9240.2n, x9=-35440.2n, 1<n<42} (4.42)

(the offsets —2.92 and —3.54 correspond, approximately, to the true posterior mean of
X:). We can see that there is an obvious error for small &, while for & = 10 the difference
between pr(z) and its approximation is negligible.

5. Applications

We illustrate the use of the convergence results in Section 3 by addressing two
application problems: the computation of maximum a posteriori (MAP) estimators and
the approximation of functionals of the filtering density, p;. All through this section, we
implicitly assume that the standard conditions of Remark 4.5 are satisfied.
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(a) k=4 and N(k) = 4,096 (b) k=7 and N(k) = 117,649

(¢) k=10 and N(k) = 1,000, 000 (d) pr(z) (exact)

Figure 1: Plots (a)-(c) display the approximations of the filtering density produced by
the particle filter, pk (), with an increasing number of particles N (k) = k°, and an
Epanechnikov kernel, ¢ . The true pdf, pr(x), is shown in Plot (d) for comparison. The
plots correspond to the discrete grid G in Eq. (4.42).
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32 Crisan and Miguez

5.1. MAP estimation

We tackle the problem of approximating the maximum a posteriori (MAP) estimator of
the r.v. X;. In particular, we address the numerical search of elements of the set

Sy = arg max pi(x), (5.1)
reRx

where s € S; if, and only if, p;(s) = max,cpd. pt(z). Note that this is a relevant problem
since MAP estimates are often used, e.g., in signal processing and engineering applications
(see, e.g., [25, 38, 24]), and the density p;(z) cannot be analytically found in general.
Let
SF = arg max pF(z) (5.2)
zERdx

be the set of MAP estimates for the approximation density pf (z) and note that &) € SF if,
and only if, p} (£x) = max, cga. py(x). We can build a sequence of approximate estimates,
denoted {Zj}r>1, by taking one element from each set Sk k=1,2,.., at time t. If S;
is nonempty, then any convergent subsequence of {#}x>1 yields an arbitrarily accurate
approximation of a true MAP estimator s € Sy, as stated below.

Theorem 5.1.  Assume that Sy # 0 and take any convergent subsequence of {&x}x>1,
denoted {3y, }i>1. Let & = lim;_, 2k, be the limit of such subsequence. If p; € Cp(R%),
then pi(Z) = max,cpa. pe(x). In particular, if p.(x) has a unique mazimum, then Sy is
a singleton and lim;_, o T, = argmax,cpd. pt(T).

Proof: We prove the theorem by contradiction. Specifically, assume that p(Z) <
max,crds Pe(r). Then, choose some s € Sy, so that p,(s) = max,cpa. pi(x) and
pi(2) < pi(s), and let

¢ 2 Puls) —pil®) ;pt(“’) > 0. (5.3)
Now, choose a compact subset K C R% that contains s, {2y, }i>1 and 2. From Remark
4.7, limy s 00 sUp,c e [PF(x) — pe(2)] = 0 a.s., hence there exists m such that for all k > m

21612 ’pf(x) - pt(:zr)’ < €. (5.4)

Moreover, since py(x) is continuous at every point x € K, we can choose an integer ig
such that for all i > ig we obtain

[pe(@r,) — pe(2)] <e. (5.5)
Now, choose an index ¢ such that ¢ > iy and ¢ > m. Then, for every ¢, k; > ¢, we have

pri(ER) —Pii(s) = pi'(En,) — pe(@n,) +pe(dn,) — pe(@)
=—3e¢ <e
+pe(#) — pe(s) + pe(s) — pi(s) <0, (5.6)
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where the first term on the right-hand side, pi(&x,) — pi(2k,) < €, follows from
inequality (5.4), the second term, pi(Zx,) — pi(Z) < ¢, follows from inequality (5.5),
the third term, p:(Z) — pi(s) = —3¢, is due to the definition in (5.3) and for the
fourth term, py(s) — pi(s) < e, is obtained from the inequality (5.4). Therefore, iy, ¢
argmax,cpd. Py () and we arrive at a contradiction. Hence, p;(Z) = max,crd. pt(x).

O

Remark 5.1. Note that the whole sequence {#) } may not converge to a MAP estimate
since it may, e.g., alternate between different elements of S;.

Many global optimization algorithms, such as simulated annealing [6, 29] or accelerated
random search [2], rely only on the evaluation of the objective function and Theorem
5.1 justifies their use with the approximation p¥(x). Many other optimization procedures
are based on the evaluation of derivates of the objective function. For example, we may
want to use a gradient search method to find a local maximum of p;(x), i.e., to find a
solution of the equation

where & = (21,...,24,) and
O o
i D*'p,
Vepi(z) = | 1 | (@) = : (),
aiitz Dy
i—th

A~
with a; = (0,..., 1 ,...,0). Let * be a solution of (5.7), i.e., Vyp(z*) = 0. Under
the assumptions of Theorem 4.1, for every € > 0 there exists k. such that, Vk > k.,

—e < D¥pk(z*) <e as.

Therefore,
d )
I92pE @)l = | 3 (Dp (@) < ev/da, < ke,
i=1

and, since € can be chosen as small as we wish,
: k(%
lim ||V.pi (™) =0 a.s.,
k—o0

which justifies the application of a gradient search procedure using the approximation of
the filtering pdf.

Ezxzample 5.1. We illustrate the application of a gradient search procedure using the

same example as in Section 4.5. In particular, we consider the approximation of the
maximum of the Gaussian filtering pdf pr(z), T = 50, using a steepest descent method.
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Given an approximation p%(z) of the filtering density constructed with the Gaussian
kernel ¢, we run the iterative algorithm

pr(i+1)" =ar()" +a Voph(2)],_; s =012, (5.8)
with initial condition Z7(0)* = (—2,—2)T and step-size parameter a = 0.1. This
procedure yields a sequence of approximations @7(1)%,... &7(i)*,... of the MAP

estimator Zp. Since for the model of Eq. (4.41) it is possible to obtain pr(x) exactly, we
have also run a steepest descent search over the true filtering pdf, namely,

br(i + 1) = d7() + a Vaopr(@)] i=0,1,2,..., (5.9)

I:iT(i) )
that generates the estimates Zp(1),...,Z7(4),... for the same initial condition and step
size.

The results, using the same sequence of observations as in Section 4.5, are shown
in Figure 2. Specifically, Figures 2(a) and 2(b) show the trajectories described by the

estimates 27 (1)%,...,27(i)", ... superimposed over the contour plots of the approximate
pdf pk(x) for k = 5 and k = 9, respectively (and N(k) = kS). For comparison, Figure
2(c) depicts the sequence Zr(1),...,&7(7),... obtained from the search over the true

density pr(z), together with the corresponding contour plot. We observe that both the
pdf’s and the trajectories described by the search algorithms are very similar.

In practice, problem (5.2) may turn out difficult to solve because the approximation
p¥(x) can be rough, plagued with local maxima, when the number of particles N (k) is
not sufficiently large (see, e.g., Figure 1(a)). In such cases, one may have to resort to
computationally expensive global optimization methods instead of (simpler) gradient-
based techniques. A computationally less demanding approach consists in performing

the search of the maximum of pf(z) over the discrete set of particles Q) (k)

{x§")}n:17,,,7N(k) (where N(k) > k?(9=+1) instead of over the complete (continuous)
state space® [1]. To be specific, it is straightforward (e.g., by a linear search) to obtain
the set of particle values for which the approximate density is maximum, namely

SF —=arg max pf(x). (5.10)

zeqN®)

In the classical setup, when the target density is approximated using i.i.d. samples drawn
directly from the desired distribution, it can be shown that the elements of S¥ become
arbitrarily close to the elements of SF as k — oo (and, hence, as N (k) — oo) [1]. The

following theorem yields a similar asymptotic result when in *) g generated by the
standard particle filter.

Theorem 5.2.  Assume that S; # ) and p; € Cy(R%). If s, € Sy, s¥ € SF and 5 € SF,
then,
lim py(3%) = lim pi(sF) = pi(se)  a.s. (5.11)
k—o0 k—o0

4This alternative approximation of the MAP estimator of X; was pointed out to us by one of the
anonymous reviewers of the original manuscript.
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X2 X2

(a) k=5, N(k) = 15, 625. (b) k=9, N(k) = 531, 441.

X2

(¢) True pdf p;.

Figure 2: Trajectories of the gradient search algorithms. Plot (a) shows the estimates
produced by the gradient search algorithm of Eq. (5.8) superimposed over a contour
representation of p?(m) for k = 5. Plot (b) displays the estimates and contour graph for
p?(m) for k = 9. Plot (c) shows the estimates produced by the gradient search algorithm
of Eq. (5.9) superimposed over a contour representation of pr(x), for comparison.
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Proof: Let us introduce the additional approximation of the MAP estimator

SF =arg max p(x).
zeQN®

The set SF cannot be computed in practice because p;(x) cannot be evaluated, but it
will be auxiliary in proving that Eq. (5.11) holds. Specifically, we first show (using an
argument taken from [39]) that the sequence {p;(5F) : 5% € SF, k > 1} converges to p;(s;)
a.s. when k — oco. Then, we use the latter result to show that (5.11) holds.

We proceed to prove that limg oo p¢(3F) = pi¢(s;) a.s. Choose any MAP estimate
s¢ € Sy and define the open ball

1
B, (s1) = {x € R% . |z — s¢]| < —},
m

where m is a positive integer. From Proposition 2.1, the integral (Ip,,(s,),7:) (where
Is(x) =11if z € A and 0 otherwise) can be approximated with asymptotically vanishing
error. Specifically, since k — oo implies that N (k) — oo, we have

N (k) [Bu(s)n QM|

U, (s0), Tt ) = klggo N = (I, (s;):Tt) a.5.,

lim
k—o00

where | B, (s¢) N QY (k)| yields the number of particles inside the ball B,,(st). Since p; is

continuous and positive at s¢, then (Ip,,(s,), 7¢) > 0, hence

N(k
o 1Bm(s) 02|

s 12
i N >0 as (5.12)

for any integer m.

The inequality (5.12) means that the set By, (s¢) N in ), consisting of particles which
are “close” to s; (namely, at a distance lesser than 1/m), is asymptotically non-empty,
with probability 1, no matter how large we choose m. Therefore, let us choose a point

SP™ € Bp(sy) N in(k). Obviously, pi(sF'™) < pi(se), but also pi(si™) < pi(5¥) by
construction, hence
pir(si™) < pu(3F) < pelse)- (5.13)
Since p; is continuous at s, for any arbitrarily small € > 0 we can choose m > 0 such
that if © € B,,(s¢) then pi(s;) — pi(x) < e. However, for every m there exists k,, such
that when k > k,,, the intersection B, (s;) N in(k) is a.s. non-empty, hence there exists
a particle sP°™ € By, (s¢) N in(k) and the inequality (5.13) yields 0 < py(s¢) — pi(3F) <
pi(st) — pe(si™) < €. Therefore,
lim p;(3%) = pi(s¢)  as. (5.14)

k— o0

Now we prove the convergence of p;(5F) and p;(sF) toward p;(s;) = max,cpa. pi(z).
Consider first the non-negative difference

0 < pelse) —pe(37) = (pe(se) — pe(31)) + (pe(37) — P (37)) + (pr(37) — Pi (37)) + (pF(37) — pe(3F))(5.15)
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where the inequality follows from the definition of S, and let us look into each term on
the right hand side of (5.15) separately.

Choose any arbitrarily small € > 0. From (5.14), there exists k; such that for every
k> kq,

€
0 <pilse) —pu(3F) < 5 (5.16)
Let us now select, without loss of generality, a compact set K O S; U SF U SFUSF. From
Remark 4.7,
k k( gk k U*
Ipe(37) — 7 (37)] < 51612 Ipe(z) — pi (x)] < e

where U¢ is an a.s. finite random variable and 0 < & < 1 is arbitrary but constant. Hence,
there exists ko such that, for every k > ko,

€ - - €
—g<pt(sf)—pf(sf)< 6 (5.17)

By the same argument, there is some ks such that, for every k > ks,

€ _ _ €
-5 <p) - PG < ¢ (5.18)

Since, by construction,
pr(37) — P (37) <0, (5.19)

substituting (5.16)—(5.19) into the inequality (5.15) and solving for pf (35) — pk (5F) yields

0 > ph(

. . €
50) = pi(s0) > =3, (5-20)
for every k > max{ky, k2, k3 }. However,

pe(se) = pe(37)| < |pe(se) = pe(30)[+|pe(38) — P (37) |+ [Pk (3¢) — pr (35) | +[pE (3F) —(pt(ﬁ)f?

5.21
and substituting (5.16)(5.18) and (5.20) into (5.21) yields |p;(s¢) — p:(5F)| < € a.s. for
every k > max{ky, k2, k3}, hence

lim pt(éf) =pi(s) a.s.
k—oc0

A similar argument proves the convergence of p;(sF) — pi(s;). In particular, if we
choose a compact set K O S; U SF we can again apply Remark 4.7 to show that, for any
€ > 0 there exists k4 such that, for every k > ky,

€
1< pe(se) = pf(se) < = (5.22)
and there exists k5 such that, for every k > ks,
€ k(. k k €
= <PE(s) —pe(si) < 5 (5.23)
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pr(st) | pr(st) —pr(sk) [ prisr) —pr(55)
k=5 | 0.201937 0.005090 0.004500
k=9 | 0.201937 0.001030 0.002679
Table 1. Approximation of the maximum posterior density pr(st) = max, g4, pr(z) by way of Egs.
(5.2) and (5.10) (pr(sk) and pr(3k.), respectively). The approximate MAP estimate s has been
computed via the gradient search method of Eq. (5.8).

However,
0 < pilse) = pilst) = (pe(se) = Py (s)) + (P (s0) — pE(sy)) + (p(sy) — pe(st))  (5.24)

and, since p¥(s;) — pF(sF) < 0 by definition of SF, substituting (5.22) and (5.23) into
(5.24) and solving for pf(s;) — pF(sF) yields

€

< < pb(s0) — pb(sH) < 0 (5:25)

for every k > max{k4, k5}. Finally, since
[pe(se) =05 (1)] < [pe(se) = 0y (s8)| + |05 (s0) = pE (s8)| + [0 (57) — pe(s7)]

we obtain that |p;(s;) — pf(sF)| < e for every k > max{ky, k5}, hence

lim pf(s¥) =pi(si) as.
k— o0

a

Example 5.2. We consider, again, the Gaussian density pr(z), with T = 50, of
Examples 4.1 and 5.1 in order to compare numerically the approximations pr(sf) and
pr(3%) with the true maximum pr(sr). The results are displayed in Table 1, which
shows the maximum pr(s7) = max,cpa. pr(r) and the differences pr(st) — pr(5F) and
pr(st) — pr(sk) for k=5 (N = 15,625) and k =9 (N = 531, 441).

5.2. Functionals of p;

The result of Theorem 4.3 allows us to construct (rigorous) approximations of functionals
of the form (f o p, ), where o denotes composition and f is a Lipschitz-continuous and
bounded real function. In order to provide rates for the convergence of the particle-
kernel approximations (f o pf,th (k)), we again work with the sequence of hypercubes
K = [~ My, My] x - - x [~ My, My] C R where My = 3k and 0 < B < 1, p > 3 are
constants with respect to k. Specifically, we have the following result.

Theorem 5.3. Choose any bounded, Lipschitz continuous function f, i.e., f € B(R)
and Vx,y € R
[f (@) = fW) < eple—yl,
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for some finite constant ¢y > 0. If p, € B(R%) and m(KC5) < %k‘"* for some constants
v,b > 0 then
NG Q5

(fope,m)| < 7kmm{1 =3 (5.26)

}(f o pt » Tt
where 0 < & <1 14s an arbitrarily small constant and Q% is an a.s. finite random variable
independent of k. In particular,

lim |(fopf, ™) — (fopim)| =0 as.

k—o00

Proof: Consider first the absolute difference

[(f oy, me) = (fope,m)| = ‘/ [(f opf) (@) = (f o po)(2)] pe(w)d

IN

[1ep@ = (¢ op@)| o)z, 5.27)
where the inequality holds because pi(x) > 0. Using the Lipschitz continuity of f in the

integral of Eq. (5.27) yields
o [ @) - pi@) (o)

et lpell / i (@) - ()| dz,  (5.28)

|(f ot mi) = (f o pe,t)|

IN

IN

where the second inequality follows from the assumption p; € B(R%) (hence ||p¢|loo <
00). Eq. (5.28) together with Theorem 4.3 readily yields

crllpellQ°
‘(f opf,m) fopy,m ‘ < m (5.29)

where 0 < € < 1 is a constant and (¢ is an a.s. finite random variable.

As a second step, consider the difference ‘(f Opf,th(k)) — (fopf,m)|. Since f €

B(R), it follows that ||f o pf|lcc < |fllc independently of k& and an application of
Proposition 2.1 yields

q q q q
N (k) k clfll& o <l
EH(foptﬂTt ) — (fopi m) }S Nk )g —kq2d +1)°
where ¢ > 1 and the second inequality holds because N (k) > 2(d»+1/+1) | Using Lemma
4.1 with ¢ = ¢f||f]|%, and v = 0 (note that ¢(2d, + 1) > 2 for any q,d, > 1), we readily

obtain the convergence rate for the absolute error, i.e.,

€

(fopk,m ™) — (fopl,m)| < (5.30)

- kl—e
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where 0 < ¢ < 1 is an arbitrarily small constant and U® > 0 is an a.s. finite random
variable.
To conclude, consider the triangle inequality

< |wepkbm®) = (ropkim)

+[(f ot me) = (f o pe )] - (5.31)

Substituting (5.29) and (5.30) into (5.31) yields

|(Foptm' ™) = (Fope,m)

C U orlmle@ Q5
- kl-e fmin{l—e,v} — [min{l—e,v}’

(F ot ) = (f opim)

(5.32)

where the random variable Q% = U* + ¢f[|pt[[«c@° > 0 is a.s. finite and independent of
k.

O

In statistical signal processing, machine learning and information theory it is often of
interest to evaluate the Shannon entropy of a probability measure 7 [4, 32, 42]. Assuming
that 7 has a density p w.r.t. the Lebesgue measure, the entropy of the probability
distribution is

H(r) = —(logp, ) = — /S p(2) log [p(z)] dz,

where S is the support of p. In the case of the filtering measure 7, it is natural to think
of a particle approximation of the entropy H(m;) constructed as

N (k)
N(k 1 n
H(m)* = —(logpk,m ) = N > logpf(x(™).
n=1

Unfortunately, the log function is neither bounded nor Lipschitz continuous and,
therefore, Theorem 5.3 does not guarantee the convergence H(m;)* — H(m:). Such a
result, however, can be obtained, with a more specific argument, if we assume the support
of the density p; to be compact.

Theorem 5.4. Let the sequence of observations Yi.p = y1.17 (for some large but finite
T) be fized and assume that g}* is positive and bounded and logp; € Fh for 1 <t <T. If
there exists a compact set S C R% such that fs pi(z)dx =1 and inf,es pi(x) > 0, then

lim |[H(m)* —H(m)| =0 as.

k—o00

Proof: We apply the triangle inequality to obtain

(_ 10gpi€77riv(k)) — (— logpt,ﬂ't)‘ < ‘(_ Ingf,th(k)) B (_ 1ngt,7TtN(k))’

4 ‘(—1ogpt,7riv(k)) ~(—logpi, )| (5.33)
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and then analyze the two terms on the right-hand side of (5.33).
The first one can be expanded to yield

N(k N(k A pely”)

(~logpf,m" ™) = (~logpy, m" )| = |5 D" log =t
k)= ph”)

N (k) (i)
(k) =1 pf(mtZ )

The logarithm of a ratio z/y can be upper bounded as
log £ < max{zyh (5.35)
Y min{z,y}

hence applying (5.35) into (5.34) we arrive at

ko N(K) N (k) 1 fmax ke, i)}
(—logpy,m ') — (= logpe, m; )‘ = N (k) Z . k(i) (i !
i=1 | min {pt ("), pe(a;”)

(5.36)
However, from Theorem 4.2 and Remark 4.7,

Jim pf(@)/pi(2) = lim py(z)/pi(x) =1 as.

for every x € S. Moreover, since we have assumed inf,cs p:(z) > 0, it follows that for
any € > 0 there exists k. independent of x such that, for all k > k.,

max {pf(a(”), pu(af”) |
min { pf (2"), pr (") }

Substituting (5.37) into (5.36) yields, for all k > ke,

<l+e (5.37)

‘(—logpfaﬂiv(k)) - (—10gpt,7ffv(k))‘ <e as.

Since € can be as small as we wish,

klim (— logpf,th(k)) - (—logpt,wiv(k))} =0 as. (5.38)
—00
The second term in (5.33) converges to 0 because of Proposition 2.1, part (b), i.e.,
klim (—log py, ﬂ'tN(k)) — (—logps,m)| =0 a.s. (5.39)
— 00

and taking together Eqs. (5.38), (5.39) and (5.33) we arrive at

lim |(— logpf,wiv(k)) — (—logps, m)| =0 a.s.

k—o0
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k=3 k=4 k=5
mean | 0.0616 | 0.0370 | 0.0128
std 0.0453 | 0.0249 | 0.0091
Table 2. Empirical mean and standard deviation of the entropy-approximation error,
|7—L(7TT) — H(WT)k|, averaged over 30 independent simulations. The entropies are evaluated in nats.

Example 5.3. We continue to use the model of Section 4.5 to numerically illustrate
the particle approximation of H (7). Since the densities p; for this example are Gaussian
with known covariance matrices X;, t = 1,2, ..., we can compute their associated Shannon
entropies exactly, namely

H(m) = %log ((27re)d1|2t|) ,

where |¥;] is the determinant of matrix ;. Taking ¢ = T = 50 and using the same
sequence of observations y1.50 as in Section 4.5, the resulting entropy is H(7r) = 2.5998
nats.

Let us point out that, obviously, the Gaussian distribution has an infinite support and,
therefore, the convergence result of Theorem 5.4 cannot be rigorously applied. However,
the Gaussian pdf is light-tailed and, as can be observed from Figure 1(d), it can be
truncated within a compact (rectangular) support and still yield a faithful representation
of the original distribution.

Table 2 displays the empirical mean and standard deviation of the absolute error
|H(mr) — H(mr)*| obtained through computer simulations for N (k) = k® and k = 3,4, 5.
To be specific, we carried out 30 independent simulation runs for each value of k. We
observe how both the mean error and its standard deviation reduce quickly as k is
increased.

6. Summary

We have addressed the approximation of the sequence of filtering pdf’s of a Markov
state-space model using a particle filter. The numerical technique is conceptually simple.
We collect the N particles generated by the sequential Monte Carlo algorithm and
approximate the desired density as the sum of N scaled kernel functions located at the
particle positions. The main contribution of the paper is the analysis of the convergence
of such particle-kernel approximations. In particular, we have first proved the point-wise
convergence of the approximation of the filtering density and its derivatives as the number
of particles is increased and the kernel bandwidth is correspondingly decreased. Explicit
convergence rates are provided and they are sufficient to prove that the approximation
errors vanish a.s. Under mild additional assumptions on the chosen kernel, it is possible
to extend the latter result to prove that the approximation error converges uniformly
on the support of the filtering density (rather than point-wise) and a.s. to 0. We have
also found an explicit convergence rate for the supremum of the approximation error.
The analysis establishes a connection between the complexity of the particle filter and
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the bandwidth of the kernel function used for estimating the filtering pdf. For a given
number of particles IV, this relationship yields an optimal value of the bandwidth.

The uniform approximation result has a number of applications. We have first
exploited it to prove the convergence, in total variation distance, of the continuous
measure generated by the estimated density toward the true filtering measure. In a
similar vein, we have also shown that the MISE of the sequence of approximate densities
converges (quadratically with the kernel bandwidth) toward 0 when the state space is
compact. For a truncated version of the density approximation, the (random) ISE is also
shown to converge a.s. toward 0 without assuming compactness of the support. Although
the convergence rate found for the ISE is only quadratic (versus fourth order for the
asymptotic approximation of the MISE in classical kernel density estimation theory),
one should be aware that all the results obtained in this paper remain valid whenever the
density estimator is obtained by smoothing a discrete random measure 7Y that is “good
enough” to estimate integrals of bounded functions in such a way that the L, norms of

the approximation error convergence as \/cﬁ (in particular, we do not require to have

samples from the target density p;). As a consequence, the results obtained here can be
applied to, e.g., kernel density estimators built from importance samples as in [46], or to
the analysis of bootstrapped estimators as considered in [28]. Convergence of the MISE
with the fourth power of the bandwidth (i.e., the same as for the AMISE in the classical
theory) can also be obtained at the expense of a slight increase in the computational
load of the particle filter and some additional assumptions on the kernel function and
the smoothness of the filter density.

We have also proved that the maxima of the approximate filtering density converge
a.s. toward the true ones. Therefore, MAP estimation of the state at time ¢ can be
carried out using, e.g., gradient search methods on the approximate filtering pdf. We
remark that it is sound to apply such methods on the approximate function, since we
have proved convergence also for its derivatives. The last application we consider is
the approximation of functionals of the filtering pdf. We provide a general result that
guarantees the convergence of the particle-kernel approximations for general bounded
and Lipschitz continuous functionals of the filtering density. Finally, we prove that it
is also possible to use the proposed constructs to approximate the Shannon entropy of
densities with a compact support. In order to arrive at this result, we have also proved the
convergence of the particle filter approximations of integrals of unbounded test functions
under very mild assumptions (essentially, the integrability of the function up to fourth
order). This is a departure from most existing approaches, which assume bounded test
functions.

Appendix A: Proof of Proposition 2.1
Part (a) of Proposition 2.1 is a straightforward consequence of [39, Lemma 1], hence we

focus here on part (b). We start with the following Lemma, which is used as an auxiliary
result in the proof of the Proposition.
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Lemma A.1. Let {0,;n = 1,...,N} be a set of random variables, assumed centered
and i.i.d. conditionally on some o-algebra G. If E[0}] < co, n =1,...,N, then

N 47 4
1 ck [91]
Ell= E O < , Al
<N — ) —_— N2 ( )
where ¢ is a constant independent of N. In particular,

1
— 0, =0 a.s.
p3

Proof: Conditional on G, the variables are zero mean and independent, hence it is
straightforward to show that

lim
N—o0

LA | X .
) <N,;9"> G| = xa L F0IG+ 5 D FEIGIEEG. (A2

1<j<k<N

Since the conditional (on G) distributions of the 6,,’s are identical, we can rewrite (A.2)
in terms of E[0|G] and E[0?|G] alone, namely

N 4
: G;e”) 19 :%EW?WHG(NT;DEW?IQ]- (A3)

However, E[0|G] > E?[0?|G] (from Jensen’s inequality), which readily yields the bound

4
1 & 1+6(N—1) _ cE[64G)]
£\ (¥ 20) o] <ot =0 <P

for any constant ¢ > 6. Taking unconditional expectations on the right-hand and left-
hand sides of (A.4) leads to the desired inequality (A.1).
N
0

Finally, a standard Borel-Cantelli argument yields limy_, o F H % anl n

O

Lemma A.1 enables us to prove the convergence of particle approximations,
mpy oo (f, ™) — (f,m) a.s., when f € F4. We follow an induction argument to prove
the latter result. In particular, let

} =0 a.s.

N
n=1

Yt (=(n)
be the random measure resulting from assigning importance weights w™ = %
k=19t (T¢

to the particles fﬁn). We prove that:
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1. At time t = 0, limy 00 |(f, 7)) — (f,m0)| = 0 a.s. and, at time t = 1,

Jim |77~ (fm)] =0 as.

2. Iflimy o0 |(f, 7)) — (f, m)| = 0 a.s. at some time 1 <t < T, then

ngnoo|(faﬁ-i{i1) - (fvTrtﬂLl)‘ =0 as.

In the induction step it is explicitly shown that limy o |(f, 7¥) = (f, )| = 0 a.s. implies
limy o0 |(f, 7Y) — (f,7)| = 0. The latter is the result in the statement of Proposition
2.1, hence the argument above yields a complete proof.

A.1. Base case (t < 1)

For t = 0, the samples xén), n=1,...,N,arei.i.d. with common distribution 7, hence the

approximation m{ is constructed as m{ (dz) = & 25:1 d_(m (dz). Consider the random
0

variables 0,, o = f(xén)) — (f,m0). It is apparent that they are i.i.d. and E[6, 0] = 0. Also
4
Bkl = | (1) - ()|
< 2 (B + (7)) < oo,

where the last inequality follows from E[f (xén))‘l] = (f*, 7o) and the assumption f € F7..
Since the variables {6, 0;n = 1, ..., N} satisfy the assumptions of Lemma A.1, we readily
obtain

hm ’(fuﬂ—O) (f77T0 ‘_ lim

N —oc0

=0 as. (A.6)

N
Z fuﬂ—O)

Consider the (predictive) measure &1 = 717 as defined in Eq. (2.7). After the
sampling step, the particle filter produces a random approximation

€N | (dx) Z(s o (d),

t+1

ie., &1 = mpam. We look now into the approximation error |(f,&") — (f,&1)|.
Let 7y =0 (:1:8"3,:7:5’? : 1<n< N) denote the o-algebra generated by the random

variables :Cg ™ and xr " for n = 1,...N,s=0,..,tand r = 1,...,t. It is apparent that

E[f(xt+1)|]-"t] =Ty1(f) (3:1(5”)), hence the conditional mean an of (f,& ;) is

E[(fvé.ﬁrlﬂft] = NZE $t+1 )IFi]

= Z Tt+1 (f7 Tt+17T;EN)7
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and it is natural to use the triangular inequality

‘(fugﬁ-l) - (f7§t+1)’ < ‘(fvgﬁ-l) - (faTt+17TiV)‘ + ’(faTt+17Tiv) - (f, Tt+17Tt)‘ (A7)

to analyze the approximation error |(f,&N.) — (f, &+1)|-
We proceed with the case t = 0. If we look into the the second term on the right hand
side of (A.7) we observe that

(f,m1m0) = /Tl(f)(xo)ﬂo(dfﬂo) = (11(f), m0)

and, similarly, (f,717) = (re11(f), 7). Since f € F4., it follows that 741 (f) € F as
well and, from Eq. (A.6), we readily see that

J\}i_r)noo |(f,imd) = (f,mimo)| =0 ass. (A.8)

In order to analyze the first term on the right hand side of (A.7) (for ¢ = 0), let us

choose the random variables

O = FE™) = (™), n=1,..N.

It is straightforward to check that they are unconditionally i.i.d. To see that they are
centered, simply observe that, for every n =1,..., N,

E[él,n] =F [E[él,nu:ou =0,

since Elfy,|Fo] = E[f@")|F) — n(f)l”) and Blf(@")|Fo] = n(f)(=S").
Moreover,

B (61,170 <2 (n()(f”) + (n(f)'m0))
hence - B
E[61,] = E[E[0],|F]] <2* ((n(f*),70) + (n(f)*,m)) < oo,
where the last inequality holds because f € F% and, as a consequence (71(f)* m) <

(11(f*), m0) < oo. As the variables 0, ,, = f(ign)) - Tl(f)(ib(()n)) satisfy the assumptions
of Lemma A.1, we readily obtain that

hm ‘(f,{l ) —(f, Tlﬂ'év)’ =0 a.s. (A.9)
Taking together (A.7), (A.9) and (A.8) we obtain
Jim [(f, &) = (f,6)] =0 as. (A.10)

After computing the importance weights we obtain the random measure 7 (dx)
defined in Eq. (A.5) (with ¢ = 1). Integrals w.r.t. 7% can be written in terms of g}
and &V, namely

N

=S @) o et
S ,;1 JkV:1gzln(j§k))f( v (97", €Y)
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Similarly, for m; and & Bayes’ theorem yields

(fgi",€1)
( U17§1)

and the difference (f,7) — (f,71) can be written as

(fv 7T1)

—Ny _ _ (f91a1)_(f9y1§1)i(f9171)
(f,ﬂ-l) (f77T1) - (gl » 61 ) (gl 751) (gl 751)
_ (fgl ) 1) (fg 51) (fgl ) S1 ) (gl 551) 91751() 11
e e e Y
Note that, since g{* € B(R%) (hence g{* € F%.), Eq. (A.10) yields
Jim (g7 6) ~ (g0,6))| =0 as (A.12)
and, since we have assumed
(91",61) > (A.13)
it follows that
J\}l_r)n (91,€N) >0 as. (A.14)

Also as a consequence of the likelihood g¥* being bounded, we have fg?* € F} and (A.10)
guarantees that

Jm [(f1*,&1) = (fg1,6)| =0 as. (A.15)
Taking Eqgs. (A.13) and (A.14) together, we deduce that limy_,« % < oo a.s. This
result, combined with (A.12) and (A.15) yields
hm |(f, 7)) = (f,;m)| =0 as. (A.16)
A.2. Induction step (t > 1)
Let us assume that limy_soo ‘(f, V) — f, T ‘ =0 as.forsomel<t<T.

We first show that the difference |(f, ) — (f, 7;)| converges to 0 a.s. Recall that 71" is

obtained from the equally-weighted particles after the resampling step. Let us introduce

the generated o-algebra F; = o (xént) 1 a_:gnt), 1<n<N ) and the random variables

O = F@™) = (£,7Y), n=1,..,N.

It is simple to check that
EBf@")F] = (7). n=1,..N.
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hence 0y, n = 1,..., N, are centered (and obviously i.i.d.) given F;. Also, E[6} | F:] < oo
Specifically, (f*, 7)) is F;-measurable hence

B [1NE] = (A,
and, from the induction hypothesis and f € F%.,

Jim (F47) = (4 m) <00 as

Therefore, for sufficiently large N, (f*, 7¥) < co. However,
BlO;,|F) <2t ((F1 7)) + (F, 7))

hence E[0},] = E [E[0},|F]] < oo for sufficiently large N. As the conditions of Lemma
A.1 are satisfied for 6, ,, n =1, ..., N, we obtain

A}igloo’(faﬁt) (fﬂTt ’— lim

N—o0

=0 as. (A.17)

N
¥ Z
Finally, taking together the induction hypothesis, (A.17) and the triangle inequality

[(f,m) = (fome)| < |(F, ) = (F,al)| + [(f 7)) = (f.mo)]

readily yields

Jim |(f,m) = (f.m)| =0 as. (A.18)

Next, we prove that limy_eo |(f,&N1) — (f.&+1)] = 0 a.s. We resort again to the
triangular inequality (A.7). Since (f, 7ep1m) = (Te1(f), 7)), (f, e ml) = (141 (f), 1Y)

and 7141 (f) € F4., it is a straightforward consequence of (A.18) that

J\}i_r)noo |(fs 1) = (fsreame)| =0 as. (A.19)

To show that the error (f,&N.1) — (f, 74177 ) also vanishes, let us choose the random

variables 0,41, = f(g’cgi)l) - Tt+1(f)($§ )) These are i.i.d.> conditional on F;. They

are also centered, since E[f;41.,|F;] = E[f(:zct+1)|]-}] - Tt+1(f)($§n)) =0and F, C F;.
Therefore, we just need to check that E[f},, ,,] < oo in order to apply Lemma A.1. We
note that

Bl 1,0l F < 2 (rea (F)(@") + 7 (1) @)

5In particular, note that

° {ftil}n 1,..,n can be viewed as i.i.d. samples from the probability measure mii1(de) =

Zn 1 win)n+1(dm|fgn)), where both wt") and fin), 1 < n < N, are Fs-measurable, and

° {wt L)}n:l,...,N are also i.i.d. given Fi.
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and then readily obtain
El0f1 0 Fi] = E[El0ia|F]F]
< 2 ((mn (fY), 7)) + (e (D 7)) - (A.20)

However, 7y41(f)* < 741(f*) and f € F4 implies that (7¢41(f*),m) < oo. Moreover,
the induction hypothesis yields

]\}ijnoo |(Tear (f), 7)) = (T (1), 7)) =0 aus.

hence (re41(f)* 7)) < (i1 (f*),7) < oo for sufficiently large N. As a consequence,
E[0},,,] < oo and the conditions of Lemma A.1 are satisfied for the random variables
étﬂm and the o-algebra F;. In particular, we have

N
1 _
hm ‘(f §t+1) (f, Tesrmy ‘—]\}glloo Z9t+1,n =0 a.s. (A.21)
n=1
Taking together (A.21), (A.19) and (A.7) yields
hm |(fa §t+1) (f, €t+1)‘ =0 a.=s. (A.22)

Finally, given (A.22), it is straightforward to prove that limn_.oo |[(f,T1h;) —

(f,7+1)| = 0 a.s. using the same argument as in the base case for 7.

Appendix B: Proof of Lemma 4.1

Choose a constant S such that v < 8 < p — 1 and define

UBbr — Z mP=1=B(gm)P.

m=1

The random variable U?P is obviously non-negative and, additionally, it has a finite
mean, E[U?P] < co. Indeed, from Fatou’s lemma

E [UPP] Zmp =BE[(™)P i m At

m=1 m=1

where the second inequality follows from Eq. (4.1). Since § — v > 0, it follows that
S m~ 8 < 0o, hence E[UPP] < cc.

We use the so-defined random variable U?? in order to determine the convergence
rate of #*. Obviously, kP~28(6%)P < UPP and solving for 6% yields

1
UBp)r
o<

k P
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If we define e = % and U® = (Uﬁ’p) %, the we obtain the inequality
UE
k
0" < RE=t

Since E[UPP] < oo, it follows that E [(U¢)P)] < oo, hence U* is a.s. finite. Also, we recall
that v < 8 < p — 1, therefore HTU <e<1.
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